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The universal low-energy behaviorn@/In |s—4n| of the scattering function of particles of positive mass
m near the threshold=4m?, and =/In|s—4n?| for the correspondin@wave phase shift, is established for
weakly coupled field theory models with a mass-0 in space-time dimension 8;is a numerical constant
independent of the model and couplings. This result is a nonperturbative property based on an exact analysis
of the scattering function in terms of a two-particle irreducite Bethe-Salpetérstructure function. It also
appears as generic by the same analysis in the framework of general relativistic quantum field theory.
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PACS numbs(s): 11.10.Kk, 11.80-m

There has been great interest within the last two decadda the latter,oc=4m?—s, b, is real analytic in a neighbor-
in two-dimensional and, more recently, three-dimensionahood of s=4m? apart from a possiblésimple or multiple
field theories both in view of their conceptual importancepole ats=4m?, andc is a well-specified constant depending
and for possible physical applications. In this Rapid Commupn the normalization conventions, budt on the theory
nication, we are more specifically concerned with the low- Considering more specifically tt@wave f,, the follow-
energy behavior of théconnectegltwo-body scattering func- ing consequence of E¢l) has recently been pointed out by

tion T in massive field theories in space-time dimenstbn  ~padan. Khuri. Martin. and WIT]: () eitherb, has no pole
=2+1; for definiteness, we consider models with one basic;; s—am2 ie. is Ioéally analytic and thus bounded, in

physical massn associated with an elementary particle of which casef, behaves nea=4m? as 2nd/In o] which is a

the theory. The models rigorously defined so far d+3 . . L " )
include ¢ andx ¢+ \’ &3 at weak coupling&l]. By low- universal behavior independent of the theory” correspond

energy behavior off, we mean its dominant behavior near I"dly; the phase shift &, given by fo=€'%sing
the two-particle thresholds=4m2, which is the lowest =(wcys)fo behaves as/In|of, (b) or by has a pole, e.g., in
physical value of the squared center-of-mass ensmfythe ~ 1/o, in which casef, and 5, behave instead as estnear
22 particle process considered. The aim of this Rapids=4m?; the constants cst depend here on the theory.
Communication ig1) to show that, for all the previous field We therefore see that fof, the derivation of the an-
models, T enjoys a universal low-energy behavior equal tonounced “universality property” is directly linked to prov-
2md/In|s—4n?| (a more complete analysis will be given in ing that casda) is satisfied by all the field models consid-
[2]), and (2) to indicate why such a universal behavior is ered and is actually generic in the framework of QFT. The
generic in the class of all possible 3d field theories. claim thatby(s) should have no pole a&=4m? is highly

In fact, this universal behavior will appear as an intrinsi- nonobvious and nontrivial. On the contrary fer1 all b, do
cally ~ nonperturbative  phenomenon, spontaneously have poles, in accord with the fa@xplained laterthat all
switched-on by the interactiom (2+1) dimensions. the partial waved,, 1=1 and also the functio (s, cos6)

In orde_r to situate the history of the _subJ_ectf let us reca”—fo(s)522|>1f|(s) coslf are bounded by dst| near the
the following fact. Starting from the basic principles of rela- inreshold. The proof of the common universal behavioT of
tivistic quantum field theorfQFT) together with unitarity, 5nq f, therefore relies on a precise control Inf(s). This
the following result concerning the partial wavé(s)  control will be achieved through an analysis of field-
of the scattering function T (defined by f,(S)  theoretical structure functionshich goes beyond perturba-

=1m[§7T(s, cos6) coslfde) was provenhin [3]: tion theory.The latter is in fact deeply misleading because
all Feynman functions associated with two-particle-reducible
fi(s)=cs¥qIna+b|(s)]7%; (1) diagrams(as those of the toy-structure belpexhibit diver-

gences at threshold in powers oblifsee[3,7]).
Our method is based on the existence ofeaact Bethe-

‘Equation(1) is the special casd=3 of Eq. (7) of [3b]. More Salpeter equatiomnamely

precisely, this result followpsee in[3b] the argument between Egs.

(4) and (7), completed by the notél4)] from local physical-sheet

analyticity, proved [4] from the standard Lehman-Symanzik- 2In[7], a rather complete analysis of the same structure is given in
Zimmermann(L.S.Z.) or Wightman axioms of relativistic quantum the framework of nonrelativistic scattering theory; as an extension
field theory[5], unitarity (written for the partial wavesand a regu-  of earlier results of8], it is found that the universal low-energy
larity assumptior(e.g. continuity on T ats>4m? in order to avoid  behaviora/In |K| of &, (k being the nonrelativistic analogue of

a la Martin pathologie$6]. actually holds for a large class of potentials.
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F(K;k,k") kernel”) calledB. For simplicity, we have written Eq2) in
such a way that, in their definition® and F include as
=B(K;k,k") internal factors the pair of amputated two-point functions of
) o the incoming energy-momenta normalized to 1 on the
f FOK K KIB(K kK" d3k mass-sheff. In Eq. (2), K represents the total energy-
raol(KI2+k)?=m?][ (K/2—k)?—m?] momentum vector of the channel consider&d€s), while
2) k andk’ denote correspondingly the incoming and outgoing
relative energy-momenta of this channel; these vectors can
which allows one to compute the complete four-point func-be complex and théFeynman-typg integral in Eq.(2) is
tion F of the field, namely the off-shell extrapolation of the taken on a well-specified cycle(K) in complex k space. A
scattering functionT, in terms of a well-defined “two- usual suggestive graphical notati@f generalized Feynman
particle-irreducible structure function{or “Bethe-Salpeter type) for Eqg. (2) is

in which the internal lines of the one-loop diagram carry,gether with “off-shell unitarity” (i.e., “asymptotic com-
respectively, the energy-momentum vectoyssK/2+k and  pleteness of the fieldg”and regularity assumptions; they
k,=K/2—k. The mass shell, defined b)f:kk§= m?, is (for  state thata) B exists and is analytic in a region of teglane
fixed K) a sphere of radius; at threshold, the vanishing of (s=K?) containing the thresholdm?, in particular, it has to
this sphere is responsible for the fact thle cyclel’(K) beuniformaround the threshol®a,b and(b) in view of Eq.
becomes pinched by the pair of poles in the integral of Eq(2), the corresponding singular structurefoht threshold is
(2). In a shorter notation, we shall also rewrite E¢®. or  a pure consequence of the pinching of the cyo{&) by the
(2’) asF=B+Fe°B, whereo represents the Feynman-type two poles of the integration operaticn mentioned above
integration of Eq.{2) including two poles. [9a,d.

In perturbation theory, Eq. (2 just represents a diagram (i) Results of constructive field theory: for all small cou-
counting identity in which the kernd is the(formal) sum of  pling models that have been constructed fer3 (and d
four-point Feynman functions corresponding to all diagrams=2), the functiorB can be rigorously defined and controlled
which aretwo-particle-irreduciblein the scattering channel in terms of the couplings; the propertia) of B is then built-
consideredonly these perturbative functions have no diver-in, together with the exact Bethe-Salpeter equat@®n(see
gences at threshold. [11] and our comments belgw

The fact thatB does exist in the exact field theories as an  In order to make the ideas of our proof more transparent,
analytic function related t& by the Fredholm-type equation it is very illustrative to restrict our attention to the¢*

(2) has been rigorously established in our past wdgs model and to a “toy Bethe-Salpeter structure” already ex-
based on the pioneering ideas of Symar{4i@]. More pre- hibiting all the features of the exact Bethe-Salpeter structure.
cisely, two sets of results hold and are used here. This toy structure is obtained by considering the Feynman

(i) Results implied by the basic principles of QFT to- functions associated with the following bubble diagrams

3This amounts to making a “wave-function normalization” which fixes the constantEq. (1) via unitarity.
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If B=B{=\|1)(1| denotes the constant kernel equal toshared by all the iterated kerne§eBj- - -°Bj and by the
A, represented by the single-vertex diagram in the previousorresponding solutiorFg of the auxiliary Bethe-Salpeter
picture, all these Feynman functions are the successive itegquationFj= B+ F"oBg; moreover(this is less trivial, but
ated termsB{MoB{™...-B{Y (or Neumann serigsof a crucial, all of them are also analytic imat s= 4m? up to the
Bethe-Salpeter equatloﬁ(”— BM+FMoB{M , which can  “nongeneric case’ of the Fredholm alternative which would
be solved by elementary algebra. In faé@) is, like BYY, a  produce a pole foFg; in other wordsno In o singularity is

separabldor rank one kernel given by the formula present in these kernel§he reason for it is thaB; can be
written as a sum of two terms which, respectively, factor out
F)(s) = M1X(1| 3 k'2—m?2,i=1,2, and therefore cancel out either one of the
0 1-N(1]°|1)(s)’ poles in thee operation; as an effect, the cydgK) is no
more pinched ak?=4m? and analyticity at threshold is pre-
where (1|o|1)(K2):... served generically in solving this auxiliary Bethe-Salpeter
equation.
1 . The splitting ofB, implies the following relation between
[(KI2+ K) 2= mA[ (KI2—K) 2= 7] d>k=--- the Fredholm resolvents,,F} of B, and Bj: 1+Fy=(1

+Fg)e[1-Bge(1+Fg)]~ 1. Taking then into account the
im2 s 2Ing+h(s), h(s) analyticats=4m?; (4) special form ofBj and the fact thaF{ vanishes fork';
=k'3=m? yields the foIIowmg exact formula for the
(1]o|1)(K?) is, up to the facton?, the one-bubble Feynman Swave fo(s)=Fo(s:m?,m?;m?,m?) of the theory consid-
function of the previous picture. The perturbative expansiorered:
of Fg”) , equal to the geometrical series
(1)) (8:k3 KD pe=i2=m2

1= (1o[¥)(s) ’

fo(s)= 5

2 NP2 1)(9)]P= 2 AP im?s™In o+ h(s)]°,
P P
where:
is of course completely misleading since at fixedts gen-
eral (p bubble term diverges like ()P at threshold, while |W)=|Wo)+Fge|Wo). (6)
in view of Egs.(3) and (4), the functionF{" is in fact a
unitary amplitude of the fornf1 ), with b,(s)=cs"qh(s)  Equation(5) is of the same form as Ed3), to which it

—1/\], c=—im 2. For any\ different from zeropy(s) is  reduces in an obvious way whé&y=B,=B{", i.e., when
boundedlike h(s)] and therefore={") has the universal be- |¥o)=X\|1) and Bj=F{=0. However, the remarkable fact
havior 2mc/In o nearo=0. is that Egs.(5),(6) are exact(nonperturbative equations,

Coming back to the exact Bethe-Salpeter equation of anyalid for theS-wave of any field theory. We shall now show
given three-dimensional field theory with four-point function that Eq.(5) exhibits a structure which is exactly of the form
F and associated scattering functidnwe will now show (1) with by(s) bounded in “generic cases” and in particular
that the previous toy-structure and related phenomenons #&r all weakly coupled models.
threshold govern basically the corresponding behavior of the We notice that the functio?’(s;k?,k3) represented by
S-wavef of T. It is convenient to use th®wave part iy of  |¥) (or by the kernelW)(1|) is generically analytic as
the four-point function Fwhose definition in terms df is =4m?: this follows from Eq.(6) by applying toFj the
similar to that off, in terms of T except that it is applied to  “nonpinching argument” given above ifb). Let us now call
off-shell Euclidean configurations and then analytically con-g(s) the numerator at the right-hand side of Eg), namely
tinued in the domain implied by the basic principles of QFT.g(s) =¥ (s;m? m?). Then we claim that one can write
Fo is an off-shell extrapolation df, which satisfies a partial-

wave Bethe-Salpeter equatidiy=By+F°B, in terms of (Lle|W)(s)=(1|o|1)(s) X g(s)+I(S), (7
the Swave partB, of B[12]. The particularity of the kernels
Bo.Fo,- - - with respect tdB,F, - - - is that they only depend wherel(s) is generically analytic as=4m?. This follows

on the Lorentz invariant variableskK?= skz—(K/2 from writing W(s; k2,k) g(s)+\1f(,eg)(s k2,k2) where
ik)z,ki'ZI(K/Zik’)z,i=1,2, and not on the transfer W (.q Vvanishes atk? —k2 m? and therefore produces a
=(k—k')2. The kernelsB{" and F{™ of the previous toy- function I(s)=(1] |\If(,eg)> regular at thresholdagain in

structure are of this nature. view of the nonpinching argument @¢b), but used on the
Our argument is based on the following appropriate split{eft]. In view of Eq.(7) [and by taking Eq(4) into accoun,

ting Bo= B+ B}, of the given kerneBg(s;k3,k3:k;? k,?):  we can thus rewrite E(5) as follows:

() By=Bo(s;k?,k2;m?,m?) is a separabléor rank ong ker-

nel which we write(with the previous bra-ket notatipm,, fo(s) = g(s) ®)

=|WoN1]; (b) correspondingly the kernel
By(s;k3,k3;k;2,ky?)  satisfies the  property  that
By(s; kz,kg;mz,mz)zo. The same property is of course We then conclude thdt, is of the form(1), with

1-1(s)—g(s)[c s YIng+h(s)]
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o I(s)—1 cally satisfied in the models The latter property implies
bo(s)=cs' (h(5)+ 9 ) (9 that, if one rewrited — fo=3,=,f,(s) (' +z ") with z=¢€'?,

this series inz has to converge in a ring of the for@|o|
Sinceh is analytic, the question of the universality ff in ~ <|z|<(C|a|)~*, where it is uniformly bounded io-. By a
(In o)~ amounts to discussing the generic character of thétandard argument of complex analysis, one concludes that
fact that[I(s)—1]/g(s) has no pole as=4m?. The situa- eachf (s) is bounded at smatr by cst(C|o])!, which then
tion is as follows: entails the announced bound ®r- f,. (These bounds on the

(i) In all weakly coupled models containinghap® term,  f, imply that forI=1, each uniform functiorb, of Eq. (1)
it is claimed (see our comment belgwthat B is of does have a polef order=1.)
the form B= Bg)+o()\2)_ This entails that ¥o=\ Results of constructive QFT for weakly coupled 3D field
+0(\?)[s;k?,k2], while B}, and thereforej are bounded models The above-mentioned results &ican be obtained

analytic functions o8, k2 k2 k{2 k.2 of orderO()2). It then b_y combining a rigorous_ definiti_on of 3D_ r_n_odels of the type
follows from Eq.(6) thatW =\ + O(A2)[s;k? k3] and there-  JIVEN for the modek ¢* in [1] with a definition ofB of the
fore g(s)=A+O(\2)[s], while the analytic functions type given in[114 for two-dimensional models, whlch is
W oo (5:k2,k2) and thereforé(s) are of orderO(A2). One easily gdaptgble to the 3D case. They can also be der!ved as
(reg) 2 a specially simple case through the general methods given in
thus concludes that : :
[11b] for treating nonsuper-renormalizable modé&dsich as
I(s)—1 O(O\?)[s]-1 the massive Gross-Neveu model in d_imensi()nlﬁ these
) :)\+O()\2)[s] , (10 methods of constructive QFT, one defines the Fourier trans-
formsF andB of F andB in Euclidean space-time through a
which behaves like-1/\ and is therefordinite in some  certain type of expansions which are convergent at small
range of couplings (&X<\,): for this class of theories the couplings, in contrast to perturbative expansions. Diagram-
universal behavior off, at threshold is thus established; matical analysis provides E) [or Eq. (2)]. On the other
moreover, one can see as a by-product fhaexactly be-  hand, expansions @& only involve two-particle irreducible
haves as the functioR§" of the toy-structure in the limit of ~diagrams and this fact implies tht satisfies better expo-
small\’s. _ _ _ _ nential falloff properties tharr (in Euclidean space-time
(i) For more general field theories, the universal behaviokrps implies in turn thaB is analytic in a larger strip around

of fo is valid except if eitheg(s)=0 orl(s)=, the latter  gycligean energy-momentum space, which includes the
case being produced by the Fredholm alternative in the au%resholds=4m?2. The analysis distinguishes the single ver-

lliary Bethe-Salpeter equatiofi.e., Fo=). These excep- tex part equal to the constantfrom a remaindefi.e., the
tions are defined by the vanishing of analytic functionssym of all the other two-particle irreducible contributipns
which in view of (i) cannot be identically zer@t least under  that is uniformly bounded by caf in the whole strip of
the usual postulate of analytic continuation in the couplings analyticity. Details will be given elsewhefé&b].

Such cases necessitate tig is large, i.e., thaB, has a Final remarks (i) In the models, the universal behavior is
large rate of variation with respect to the masses near th@alid in a region arouncs=4m? which shrinks to zero as
mass-shell. A—0 [inexd—cst\] in view of Egs. (8),(9),(10)]: it is

A similar analysis can be made fdr (including in the  thys consistent with the fact th@=0 for the free field. In
models the dependence ®fwith respect to the couplings other words, universality appears as soon as the coupling is
nears=4m?) [2]. However, the fact thaf andf, enjoy the  switched on.
same universal behavior at threshoWith the possible ex- (i) All the present results can be alternatively obtained by
ceptions analyzed aboyes implied by the following general  another methodpresented 2] and already applied in the
property:T—fo is bounded at smab by csto|. This prop-  past to the related problem of bound stdtE34]) which ex-
erty relies on the analyticity of (s,t)=T(s, cosé) in afixed hibits other interesting features. This method is based on the
neighborhood ot=0 in the complex plane of the variable use of another type of irreducible kerrigl(derived fromB
t=[(4m?—s)/2](1—cos#), for all sin a cut-neighborhood through an integral equation without singularity at threshold
of 4m?, which is a rigorous resu[é] of general QFTlunder  [13b]) which is the analogue fod=3 of Zimmermann’s
a regularity assumption of the type specified6ify automati-  Kmatrix [14].
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